Abstract: Accurate and traceable length metrology is employed by laser frequency stabilization. This paper describes a laser frequency stabilzation technique as a secondary standard with a fractional frequency stability of 5.2×10 −10 with 2 mW of power, suitable for practical applications. The feedback stabilization is driven by an intrinsic mixed mode signal, caused by nonlinear optical phenomena with adjacent modes. The mixed mode signals are described theoretically and experimentally verified. 
Introduction
Optical frequency standards are widely used in interferometry applications for accurate and traceable length calibration [1] . Iodine absorption spectroscopy is currently the frequency standard for length metrology at 633 nm [1, 2, 3] , but recent advances in femtosecond lasers and frequency metrology provide a more stable frequency over a multitude of optical and RF frequencies [4, 5] . These methods are, however, not typically suitable for practical interferometry applications. Instead, secondary standards are employed in a traceable chain and are more suitable in terms of cost, size, and ease of implementation [6] .
The motivation for this work is to improve secondary standard lasers for length metrology at 633 nm wavelengths. Higher output power and better frequency stability is needed as more fiber coupling is employed to remote systems and optical paths become longer in precision instruments [7, 8] . Optical frequencies are too fast to detect, thus a signal proportional to the frequency is needed for stabilization. Commonly used methods include Zeeman splitting [9] and two mode intensity balancing [10] , both of which have frequency stabilities of 10 −8 and less than 1 mW of output power. An alternative method uses the secondary beat in a three mode 633 nm Helium Neon laser, which has a fractional frequency stability better than 10 −10 and higher output power [11, 12, 13] .
In this paper, we use a semiclassical model of the three mode laser [14, 15, 16] to describe a frequency stabilization scheme using an intrinsic mixed mode signal. The instrinsic mixed mode signal is directly correlated to the absolute frequency because of nonlinear interactions between adjacent modes. This allows for laser frequency stabilization with a single mode output and high optical power. This research contradicts previous research [11, 12, 13] because the secondary beat frequency, which is akin to the mixed mode signal, cannot be measured without direct measurement of the intermode beat frequencies and subsequent mixing. This is explained theoretically and verified experimentally.
Three mode laser model
In previous research, the secondary beat signal, ν b was assumed to be the optical interference between the first and second modes, ν 12 , and the second and third modes, ν 23 , which can be seen in Fig. 1 [11, 12, 13] . A portion of the main beam is split from the laser and a polarizer is used at 45 • to interfere the three modes, creating the secondary beat signal, where this signal is detected by a slow speed detector and used for stabilization feedback. The secondary beat frequency, ν b , is on the order of hundreds of kHz, which means direct measurement of the laser's mode frequency spacing should not be needed.
However, Lamb [14] showed that in addition to the normal main frequencies, i.e., those frequencies whose source is the linear part of the polarization of the active laser medium, there are the so-called combination frequencies whose source is the third-order nonlinear harmonics. The magnitude of the frequency difference between them depends in detail on the exact cavity tuning and the state of excitation of the active medium. Compared to the second-order nonlinear harmonics, it can be always generated without any symmetry restrictions of the medium at the condition of the high intensity such as the HeNe gas inside the laser cavity. Specifically in three mode operation, three additional frequencies, (2ν 2 − ν 3 ), (ν 1 + ν 3 − ν 2 ), and (2ν 2 − ν 1 ), are generated near the main frequencies, ν 1 , ν 2 and ν 3 , respectively. It is noted that besides these three combination frequencies, there are more frequencies which do not produce appreciable effects due to the gain bandwidth and threshold of the medium. In this case, each of the three
Fig . 1 . A schematic of the three laser modes including three additional mixed modes. These modes arise from nonlinear optical interaction between ν 1 , ν 2 , and ν 3 .
main modes are oscillated by the interaction with the adjacent modes, which can be seen in Fig.  1 . These time dependent main frequencies are [16] 
where
and all parameters refer to Lamb's corrected paper [15] . As shown in Eq. (1-3), the main frequencies are time varying with a frequency of ν b , the same frequency as the secondary beat. Using the complete model, we assume there are six different modes in the three mode laser, which can be seen in Fig. 1 . These include the three main modes (M i ), which are, in the frequency domain,
by removing the time-varying phase function from the adjacent mode and simplifying Eqs. (1-3). The three mixed mode frequencies, which arise from interaction with the adjacent modes, are
in the absolute frequency domain, where M i,m is the i th mode from lowest to highest frequency and the m idicates a mixed mode. Each mixed mode has the same polarization state as the adjacent main model. This was verified by using a Glan-Thompson polarizer aligned to block the central mode and an optical spectrum analyzer. If the polarization state of the adjacent mixed mode M 2,m was different than, M 2 , it would be detected by the optical spectrum analyzer (OSA), which was not the case. Additionally, when the outer modes, M 1 and M 3 , were blocked, their respective adjacent mixed modes were blocked as well.
Experimental verification
To verify the presence of these mixed modes, the experimental setup in Fig. 2 was used. This setup has a common polarizer (p) for all three different detectors, a low speed photodiode (PD, DC-500 kHz), a high speed avalanche photodiode (APD, 1 MHz-1.5 GHz), and an OSA. The low speed detector was used to compare with previous laser stabilization experiments [11, 12, 13] . The avalanche photodiode was use to compare with the previous superheterodyning experiment [17] . The OSA was used to verify the presence each particular mode during an experiment. For these experiments, the polarizer was rotated in increments of 15 • , starting at 0 • , where the central mode (M 2 ) was only visible on the OSA. From our previous experiments with the three mode laser (25-LHR-121, Melles Griot), the frequency of the secondary beat signal was known to be between 200 and 400 kHz. When a signal in that frequency range was detected on Scope 1, the peak-to-peak value of PD L and APD was recorded, as shown in Fig. 3 . It should be noted, the bandpass filter from the high pass filter (HPF) and low pass filter (LPF) behaves similarly to a self mixing circuit, which was used in research by Yokoyama, et. al.[17] . From these measurements, it is clear the signals from the separate detectors are 180 • out of phase (45 • based on polarizer angle) meaning the two detectors PD and APD do not measure the same thing, which was not expected. Additionally, these measurements directly contrast previous research [11, 12, 13] where a 45 • polarizer angle was used to create the secondary beat signal without direct measurement of the intermode beat frequencies. To fully explain our results from these experiments and why they contradict previous research, the three additional mixed modes in the semiclassical three mode laser model must be used.
3-Mode

Discussion
At a polarizer angle of 0 • , the four outer modes, M 1 , M 1,m , M 3 , and M 3,m , are all blocked leaving M 2 and M 2,m . This is clearly visible on the OSA, however, the resolution is not fine enough to see the mixed mode adjacent to M 2 . The two central modes M 2 and M 2,m interfere creating the detectable time domain signal
where I is the irradiance, the superscript indicates the polarizer angle, and the subscript indicates the signal is within the detectable bandwidth for a specific detector. The frequency of ν b is within the detectable bandwidth of PD and not within the bandwidth of APD, thus, PD only measures the mixed modal frequency. When the polarizer is at 90 • , the opposite effect happens. The two central modes are blocked; the four outer modes interfere and are detected. The time domain signals
are detected, where ν 13 is the frequency between the two outer modes. If we assume ϕ 1 = ϕ 3 = ϕ 13 , then Eqs. 12 and 13 become 
where ν 12 is ν 2 − ν 1 and ν 23 is ν 3 − ν 2 . Once again, we assume the high frequency mixed interference modes are negligible in signal strength compared to the main modal beat frequencies ν 12 , ν 23 , and ν 13 . The APD does detect the secondary beat frequency while the PD does not at this polarizer angle. If the APD signal is examined first, ν 12 differs slightly from ν 23 (Fig. 1) due to frequency pulling effects [14] . However, both optical signals are detected, which means there are corresponding electrical signals, which get mixed in the transimpedance amplifier. Once the signals are bandpass filtered and amplified, the frequency difference between them can then be detected; this is the true secondary beat signal ν b .
The signal from the PD is the sum of I 0 pd and I 90 pd , which produces no signal. This means the mixed modal frequency from I 0 pd and the secondary beat frequency from I 90 pd must be 180 • out of phase, causing destructive interference. Since we already assume ϕ 1 = ϕ 3 = ϕ 13 , then this only occurs if ϕ 2 + ϕ 13 = 180 • . The optical schematic in Fig. 4 was used to verify this claim. In this schematic, the signal from the laser is split equally and two separate Glan-Thompson polarizers are aligned to the central and outer modes, respectively. This was confirmed using the optical spectrum analyzer. While the laser is in three mode operation, the signals from PD 0 and PD 90 are indeed 180 • out of phase, which can be seen in Fig. 5 . To ensure this was not an anomaly with the laser, a different three mode laser (Model 098-2, JDSU) was used in the same setup. When this laser was in three mode operation, the same 180 • difference was observed between PD 0 and PD 90 , which can also be see in Fig. 5 . The mixed modal signal from the center mode, I 0 pd , was used to stabilize the three mode laser. The length of the laser tube, and thus frequency, was controlled via a thermo-electric cooler (TEC) which was driven by frequency fluctuations in I 0 pd . Using this signal and a TEC, the laser frequency from ν 2 was stabilized to better than 5.2×10 −10 , when compared to an iodine stabilized laser. The Allan variance of the center mode fractional frequency stability is shown in Fig. 6(a) .
The fractional noise density, shown in Fig. 6(b) , had one minor peak at 10 −2 Hz which is likely the time constant of the thermal mass in the system. A larger than desired thermal mass was used to buffer the laser from external disturbances which also limited the locking point stability due to long term environmental changes. The long term stability (months+) was not assessed due to this effect and the limited availability of the reference laser. Replacing the TEC-based actuator with a non-thermal method of controlling the cavity length would remove the unwanted thermal effects in the system and increase the locking point stability. A possible solution is to use a sealed cavity laser with anti-reflectance coatings on one side of the laser tube and an externally located, piezo controlled laser mirror. A piezo-controlled mirror would increase bandwidth and remove most heat generation but alignment and the overall system concept need to be considered. 
Conclusions
This research shows there is a detectable, intrinsic signal in a three mode HeNe gas laser which can be used for feedback stabilization. This mixed mode signal is different from the secondary beat frequency because direct measurement of the intermode frequencies is unnecessary. Additionally, the outer and outer-mixed mode signals are 180 • from the central and central-mixed mode signal, causing destructive interference for detecting the secondary beat frequency. This research sheds new light on secondary frequency standards with higher output power and better frequency stability. Future research into these mixed mode signals and stabilization may produce better practical standards at more wavelengths.
